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A connected graph is n-transitive if, whenever two n-tuples are isometric, 
there is an automorphism mapping the first to the second. It is shown that a 
B-transitive graph is complete multipartite, or complete bipartite with a matching 
deleted, or a cycle, or one of three special graphs on 9, 12 and 20 vertices. These 
graphs are n-transitive for all n; but there are graphs (the smallest on 56 vertices) 
which are 5- but not 64ransitive. 
1. INTRODUCTION 
A connected simple graph r is n-transitive if, for any two ordered n-tuples 
(Xl ,***, x,) and (vl ,..., yn) of vertices satisfying d(x, , xj) = d(yi , ui) for all i, 
(where d is the distance function in r), there is an automorphism of r which 
maps xi to yi for each i. (Note that we do not require the entries in an n-tuple 
to be all distinct, so this definition differs slightly from that of Meredith [SJ. 
A graph is n-transitive according to the present definition if and only if it is 
m-transitive for 1 < m < n in either this or Meredith’s sense.) Thus a 
l-transitive graph is vertex-transitive, while a 2-transitive graph is distance- 
transitive. We will prove the following theorem. 
THEOREM 1. Let r be a 6-transitive graph. Then r is one of the following: 
(i) a complete multipartite graph; 
(ii) a complete bipartite graph with the edges of a matching deleted, 
(iii) a cycle; 
(iv) the line graph of I& ; 
(v) the icosahedron; 
(vi) the graph whose vertices are the 3-subsets of a 6-set, two vertices 
adjacent whenever their intersection is a 2-set. 
(Note that complete graphs are included under (i).) 
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COROLLARY. A 6-transitive graph is n-transitive for all n > 1. 
There are examples of graphs which are 5-transitive but not 6-transitive. 
Two such graphs will be mentioned later. Though the result is suggestive, 
there is no obvious connection with multiply-transitive permutation groups. 
In the course of the proof, the graphs in certain special classes (those of 
girth greater than 3, and those of diameter 2) with lower degree of transitivity 
are determined. This depends heavily on the work of Meredith [5] and 
Smith [8] on the 3-transitive graphs in these classes. The result on graphs 
of diameter 2 improves a theorem of Gardiner [3], who determined all ultra- 
homogeneous graphs. (A graph is ultrahomogeneous if any isomorphism 
between induced subgraphs extends to an automorphism. Gardiner’s result 
holds if this condition is required only for subgraphs on five or fewer vertices; 
but other examples arise if “five” is replaced by “four”.) The paper concludes 
by generalizing this result to hypergraphs. 
For any graph r with vertex set X, r(x) denotes the set of vertices adjacent 
to the vertex X, or the induced subgraph on this set; O(X) denotes the set, or 
induced subgraph, of vertices at distance 2 from X. A l-transitive graph is 
regular; we let k denote its valency. In a 2-transitive graph, the number of 
vertices adjacent to x and y depends only on d(x, y), and is zero if d(x, y) > 2; 
we let this number be X or ,X if d(x, y) = 1 or 2 respectively. We stress that r 
is always a finite simple connected graph. 
2. GRAPHS WITH GIRTH GREATER THAN THREE 
Meredith [5, Theorem 51 proved the following result. 
THEOREM 2.1. A 3-transitive graph of girth greater than 4 is a cycle. 
Meredith also obtained information about 3-transitive graphs of girth 4, 
but we will not need this; the classification of 4-transitive graphs of girth 4 
is easier. 
or 
THEOREM 2.2. A 4-transitive graph of girth 4 is a complete 
is obtainedfrom one by deleting the edges of a matching. 
bipartite graph 
Proof. Let r be 4-transitive with girth 4. Then h = 0, p > 1. Consider 
the incidence structure D with point set r(x) and block set d(x), incidence 
being defined by adjacency in l7 Since the vertices in r(x) are pairwise at 
distance 2, any four of them are adjacent to a constant number of vertices 
in d(x); so D is a 4-design (possibly degenerate). Take a point y E r(x). 
Any three blocks incident with y are at distance 2 from x and from one 
another; so a constant number of points is incident with all three. Thus the 
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contraction D, is a 3-design whose dual is also a 3-design. By a theorem of 
Dembowski [2, Theorem 1.1.41, D, is degenerate, with p - 1 = k - 1, 
k--or 1. 
If p = k, then every vertex in d(x) is adjacent to every vertex in F(X), 
whence r is complete bipartite, with bipartite blocks r(x) and (x> u d(x). 
Suppose p = k - 1. A vertex in d(x) is adjacent to k - 1 vertices of r(x). 
and so to one further vertex x’. Two vertices z1 , z2 E d(x) are adjacent to 
k - 2 vertices of r(x), and so d(z, , z,) = 2 (since k > 2) and there is one 
further vertex adjacent to z1 and z2 . Thus x’ is adjacent to every vertex in 
d(x). Now I’ is Kk+l,k+l with the edges of a matching deleted. 
Suppose p = 2. Let r(x) = (l,..., k}. There is a one-to-one correspondence 
between vertices in d(x) and 2-subsets of r(x), defined by adjacency; we use 
the 2-subsets to index the vertices. Now, if k > 3, the 4-tuples (x, (1,2), (1, 3}, 
(1, 41) and (x, U,2), U,3), 12,3)) are isometric, but there is a vertex 
joined to all four in the first case but not in the second, contradicting 
4-transitivity. 
3. GRAPHS OF DIAMETER Two 
A 2-transitive graph of diameter 2 is strongly regular [6], and so its 
adjacency matrix has just three eigenvalues, k (with multiplicity one), r and s, 
where k > r > s. We have h = k + r + s + rs, p = k + rs. The com- 
plement of an n-transitive graph of diameter 2 is also n-transitive (if it is 
connected); this is not true in general. The results in this section depend on 
the following theorem, which is a slight reformulation of a result of Margaret 
Smith [8, Theorems D, E]. 
THEOREM 3.1. Let r be a 3-transitive graph of diameter 2. Then one of the 
following holds: 
(i) r is a complete multipartite graph; 
(ii) I’ is of pseudo or negative Latin square type; 
(iii) k = -s((2r + l)(r - s) - r(r + l))/((r - s) + r(r + I)), on re- 
placing r by its complement if necessary. 
A graph satisfying the equality of (iii) will be called a Smith graph. The 
pentagon, with r = +(51/2 - 1), s = &(-Si2 - l), is the only Smith graph 
for which r and s are not integers. The main result of this section is the next 
theorem. 
THEOREM 3.2. Let r be a 5-transitive graph of diameter 2. Then r is one 
of the following: 
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(i) a complete multipartite graph; 
(ii) a pen tagon; 
(iii) the line graph of J&3 . 
To prove this, we use the fact that, if I’ is n-transitive with diameter 2 
(n > 3), then each of the subgraphs r(x) and d(x) is either a disjoint union 
of complete graphs or an (n - 1)-transitive graph of diameter 2. (For two 
points in I’(X) or d(x) are at distance at most 2.) 
LEMMA 3.3. Let I’be a 3-transitive graph of diameter 2, in which, for some 
vertex x, the subgraph r(x) is a disjoint union of complete graphs. Then either r 
has girth greater than 3 (that is, h = O), or I’ is the point graph of a generalized 
quadrangle. If I’ is 4-transitive then it is complete bipartite, a pentagon, L,(3), 
or the SchliiJzi graph. The Schllifii graph is not 5transitive. 
(L,(n) denotes the line graph of K,,% , and the Schlafli graph is associated 
with the 27 lines in a general cubic surface; see [6].) 
Proof. Suppose r satisfies the hypothesis. Any edge in I’ lies in a unique 
clique of size A + 2. We will call such cliques lines. Let t + 1 = k/(h + 1) 
denote the number of lines through a point. If x and z are nonadjacent, then 
p lines through z contain points adjacent to x, and so the induced subgraph 
on r(z) n d(x) consists of a disjoint union of ,X complete graphs of size h 
and t + 1 - p complete graphs of size X + 1. Since this graph is regular, 
we must have either A = 0 (whence r has girth greater than 3) or ,U = 1 + t. 
In the second case, the geometry of points and lines is a generalized qua- 
drangle with parameters (s, t), where s = X + 1. (Here, in contrast to 
Theorem 3.1, s + 1 is the number of points on a line.) It follows from 
Theorem 3.1 that s = 1 or t = 1 or t = s2 (see also [9]). 
Now suppose I’ is 4-transitive. If X = 0, then Theorems 2.1 and 2.2 apply; 
so suppose r is the point graph of a generalized quadrangle with s > 1. 
Consider the subgraph d(x). It is 3-transitive, and the vertices adjacent to a 
vertex z carry a disjoint union oft + 1 cliques of size s - 1. So the parameter 
s is one less than its value for r, while t is the same. By what we have already 
proved, s - 1 = 1 or t = 1 or t = (s - 1)“. The last case is clearly im- 
possible if s > 2. If t = 1, then the quadrangle is a square lattice, and 
r =’ L,(s + 1). The vertices of r can be labelled with ordered pairs (i, j), 
i, j E {l,..., s + 11, two vertices being adjacent whenever their coordinates 
agree in one position. If s > 3, then the 4-tuples ((1, l), (3, l), (2, 2), (2, 3)) 
and ((1, 0, (L4), (2,2), (2, 3)) are isometric, but there is a vertex joined to all 
four in the first case (namely (2, 1)) but not in the second. So, if r is 4- 
transitive, then s = 2 and r = L,(3). Finally, if t # 1 and s = 2, then t = 4 
and ris the Schlafli graph (see [6]), which is not 5-transitive, since d(x) is not 
4-transitive (Theorem 2.2). 
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LEMMA 3.4. Let r be a regular graph in which, for any vertex x, the 
subgraph I’(x) is regular complete m-partite (m >, 2). Then r is complete 
(m + l)-partite, with the same block size. 
Proof. Let the block size be n. A vertex in r(x) is joined to x and to 
(m - l)n vertices of I’(x), and so to n - 1 further vertices lying in n(x). 
Let y1 , yZ E r(x) belong to different blocks. Then y1 and y2 are adjacent; 
of the (m - 1)n vertices joined to both, one is x, (m - 2)n lie in r(x), and so 
the remaining n - 1 lie in d(x). Thus 1 O(x)1 = n - 1 and I’ is complete 
(m + 1)-partite, with (x] u d(x) as a block. 
Now any 4-transitive graph of diameter 2, other than those of Lemmas 3.3 
and 3.4 and their complements, is of pseudo or negative Latin square type or 
a Smith graph or the complement of one, and has the property that the 
subconstituents I’(x) and d(x) are also of these types. Before continuing with 
the proof, we note some information about these types of graph. For each 
class, k is a function of r and s: we have k = -s(r - s - l), -r(s - r - l), 
-s(r2 - 2rs - s)/(r2 + 2r - s), and -r(s2 - 2sr - r)/(s2 + 2s - r) for 
pseudo-Latin square graphs, negative Latin square graphs, Smith graphs, 
and complements of Smith graphs respectively. Using h = k + r + s + rs 
and p = k + rs, the remaining parameters can be calculated in terms of r 
and s. The number of vertices of a pseudo or negative Latin square graph is 
(r - s)~. The condition A > 0 yields --s < r(r + 2) for negative Latin square 
graphs and -s > r(r + 2) for Smith graphs; a member of one class which 
attains the bound lies in the other class too. Smith graphs also satisfy 
--s < r2(2r + 3) (see [I]). 
If r is 3-transitive, then its subconstituents are complete or null graphs or 
are strongly regular. The first alternative occurs only for circuits of length 4 
and 5 and Smith graphs with --s = r(r + 2) and their complements. In the 
second case, the eigenvalues r1 , s, and r2 , s, of the subconstituents are 
determined by the type and eigenvalues of I’ as follows: 
Pseudo-Latin: r1 = r, sI = -(s2 + 2s + r)/(r - s - 2), r2 = r(r - l)/(r - s - 2) 
s2 = s; 
Negative Latin: r1 = -(r2 + 2r + s)/(s - r - 2), s, = s, r2 = r, s, = 
s(s - I)/($ - r - 2); 
Smith: rl = r, s1 = $(r2 + 2r + s), r2 = r, s, = $(s - r2); 
Complement of Smith: r1 = Q(s2 + 2s + r), s1 = s, r2 = +(r - s2), s2 = s. 
If a Smith graph with r 3 1 is not a negative Latin square graph 
(-s = r2 + 2r) or a generalized quadrangle (-s = r2 + 2r + 2), then r(x) 
is connected with diameter 2, so k < 1 + X2. This implies -s > r2 + 2r + 
2(r $ 2)lj2. 
LEMMA 3.5. If a subconstituent of a Smith graph is a Smith graph, then 
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--s = r2(2r + 3). Conversely, if a Smith graph with r > 1 satisfies -s = 
r2(2r + 3), then both subconstituents are Smith graphs. 
Proof. Equating the values of X for r and k for r(x), or of k - p for r 
and k for d(x), gives the forward implication. The converse is proved by 
reversing the calculation. Note that, in the terminology of [l], a strongly 
regular graph corresponds to a spherical 2-design; a Smith graph is a 3-design, 
while a Smith graph with -s = r2(2r + 3) is a 4-design. 
LEMMA 3.6. No Smith graph 
of a Smith graph. 
has a subconstituent which is the complement 
Proof. The inequality -s > r(r + 2) for a Smith graph translates into 
r > s2 - 2 for its complement. Let r be a Smith graph. If ‘F(x) is the 
complement of a Smith graph, then r > &(r2 + 2r + s)~ - 2, which yields 
-s < r2 + 2r + 2(r + 2)lj2. If d(x) is the complement of a Smith graph, 
then r > &(s - r2)2 - 2, whence -s < -r2 + 2(r + 2)lj2. Both are 
impossible. 
LEMMA 3.7. The only 4-transitive graphs which have a subconstituent of 
pseudo or negative Latin square type are L,(3), the Schliifli graph, and its 
complement .
Proof. Suppose r is a negative Latin square graph and r(x) a pseudo 
Latin square graph. If r(x) n d(y) is a complete or null graph (y E r(x)), 
then r(X) = K2 u K2 and r = L,(3). Otherwise, r(X) has least eigenvalue s, 
whence for y E r(x), r(x) n d(y) also has least eigenvalue S. But r(x) n d(y) 
is a subgraph of d(y) (with least eigenvalue -s(s + l)/(r - s + 2)), itself 
asubgraphofr.Sos= -s(s+l)/(r-s+2),whences=Oorr= -1, 
both of which are impossible. (The assumption of 4-transitivity is essential 
here. There is a 3-transitive negative Latin square graph on 64 vertices whose 
subconstituents are a Smith graph and a pseudo-Latin square graph.) 
Suppose r is a pseudo-Latin square graph and O(x) a negative Latin square 
graph. Tf A(X) n r(z) is complete or null (z E d(x)), then s = s2 = 
-r,(r, + 2). With r2 = x, we find that 
r = 4(x + 1 + (4x3 + 9x2 - 6x + 1)1/2). 
Now ) o(x)1 = (r + l)(r - s - 1) = (rz - s~)~, which yields 
(x2 + 3x + 1)(4x3 + 9x2 - 6x + 1)li2 
= 2x4 +9x3 + 8x2 -4x+ 1 
= (x2 + 3x + 1)(2x" + 3x - 3) + 2(x + 2). 
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Thus x2 + 3x + 1 divides 2(x + 2), which is impossible for x > 1. Other- 
wise, the eigenvalue argument yields r = 0 or s = - 1, both of which are 
impossible. 
Next, suppose r and I’(x) are pseudo-Latin square graphs. Equating the 
value of h for r to that of k for I’(x), we obtain 
s2 + 2s + r = (s2 + 2s + r)(r2 - (r - s - l)(s + 2))/(r - s - 2)2, 
whence (r - l)(s + 2) = 0, r = 1 or s = -2. But the graphs with these 
eigenvalues have been determined in [6]; the only possibility is the 
complement of L,(n). The proof of Lemma 3.3 shows that this graph is not 
4-transitive if n > 3, while L,(3) is Self-complementary. 
Similarly, if r and r(x) are both negative Latin square graphs, then s = 1 
or r = -2, both of which are impossible. 
Thus we may assume that r is a Smith graph, by taking the complement if 
necessary. By Lemmas 3.3-3.6, if r is not the SchlSifli graph, then either it 
has a subconstituent which is a Smith graph with -si = r,(ri + 2), or both 
subconstituents are pseudo or negative Latin square graphs. In the first case, 
substituting for ri and si and putting s = -r2(2r + 3), we find i = 2, r = 1, 
whence r is the SchlZifli graph. Jn the second, we have 
s(r2 - 2rs - s) - 
r2 + 2r - s = $ (r2 + s)~, 
(s + l)(r2 - 2rs - s) 
r2 + 2r - s 
= t (r2 + 2r - s)~, 
from which we deduce s(2r2 + 2r + 1) = -r2, an obvious impossibility. 
Proof of Theorem 3.2. Suppose r is 5-transitive with diameter 2. The 
subconstituents of r are either disjoint unions of complete graphs or 4- 
transitive graphs of diameter 2. By Lemmas 3.3-3.7, we may assume the 
subconstituents are Smith graphs satisfying -s = r2(2r + 3) or com- 
plements of these. 
If I’ is a Smith graph, then so is r(x), and we have s = -r2(2r + 3) = s1 , 
so r and r(x) have the same parameters, which is absurd. 
Suppose r is a pseudo or negative Latin square graph. If both sub- 
constituents are Smith graphs, then 
Ml + Wh + 1) = rl - s1 = r2 - s2 = r2(r2 + 1)(2r2 + l), 
whence rl = r2 , which is not possible. So we may assume one subconstituent 
is a Smith graph while the other is the complement of one. Then, say, 
Ml + Wrl + 1) = r1 - s1 = r2 - s, = -s2(s2 + 1)(2s2 + I>, 
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whence rl + sz + 1 = 0. This implies that the parameters of I’(x) are 
complementary to those of d(x), whence 1 r(x)/ = 1 A(x)I. So r + s + 1 = 0, 
and k = 2h + 2. But a strongly regular graph on 2m + 2 vertices with 
valency m is a disjoint union of two complete graphs. 
4. THE GENERAL CASE 
In this section we prove Theorem 1. Let I’ be a 6-transitive graph. By 
Theorems 2.1 and 2.2 we may assume that r has girth 3. Then the subgraph 
r(x) is non-void. Since any two vertices of r(x) have distance 1 or 2, r(x) 
is either a disjoint union of complete graphs or a 5-transitive graph of 
diameter 2; in the latter case r(x) is complete multipartite, a pentagon, or 
L,(3), by Theorem 3.2. We deal with these cases in turn. 
Suppose first that r(x) is a disjoint union of complete graphs. We call the 
cliques in r lines, and let s + 1 and t + 1 denote the numbers of points on 
a line or lines through a point respectively. (Note s > 1.) The girth of the 
geometry of points and lines is defined to be the smallest n for which it 
contains an n-gon; it is at least 4. Adapting the arguments of Meredith [5], 
we show that the girth is 4. 
First, we show that the girth is even. Suppose x0x1 *.a xzd is any circuit of 
length 2d + 1. Let y be a point other than x+1 and xd on the line xdmlxd . 
Then d(x, , u) = d, so (x, , xd , y) and (x, , xd , xd+J are isometric. Thus 
there is an automorphism mapping the first triple to the second. Let z be the 
image of xdel under this automorphism. Then z # xdml , but d(x,, , z) = 
d - 1; so x0x1 ... X+~X~Z ... is a circuit of length 2d. (This argument shows 
that, for any d, a line containing two points at distance d from x contains 
a point at distance d - 1.) 
Assume first that t > 1. Suppose the girth is 6m; let x, y, z be points at 
mutual distance 2m on a circuit of length 6m. Take a point w’, and let x’, y’, z’ 
be points at distance m from w’ for which the shortest paths from w’ use 
different lines through w’. Then d(x’, v’) = 2m (or there would be a circuit 
of length less than 4m), and similarly d(x’, z’) = d(y’, z’) = 2m. So (x, y, z) 
and (x’, y’, z’) are isometric, and there is a point w at distance m from each 
of x, y and z. Then there is a circuit of length 4m. If the girth is 6m + 2, 
proceed similarly with d(x, y) = 2m, d( y, z) = 2m + 1, d(x, z) = 2m + 1, 
d(x’, w’) = m, d(y’, w’) = m, d(z’, w’) = m + 1; if the girth is 6m + 4, let 
these numbers be 2m + 1, 2m + 1, 2m + 2, m + 1, m, m + 1. 
Now suppose t = 1. If the girth is 6m + 2 then there is a circuit of length 
6m + 3. Choose points x, y, z on this circuit at distance 2m + 1 from each 
other. Now choose a line L, three points a’, b’, c’ on L, and points x’, y’, z’ 
at distance m from a’, b’, c’ respectively, such that the shortest paths do not 
involve L. Again (x, y, z) and (x’, y’, z’) are isometric, and there is a circuit 
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of length 4m + 2. Appropriate modifications deal with the case of girth 6m 
or 6m + 4. Thus in all cases the girth is 4. 
Let x and y be adjacent vertices. There are t lines containing x but not y, 
each containing s further vertices. Let these ts vertices be the points of a 
design D whose blocks are the vertices adjacent to y but not X, with incidence 
defined by adjacency. Then D is a transversal 5-design; the points are divided 
into t groups of s, and no two points in the same group lie in a block; for 
h < 5, the number of blocks containing h points in different groups depends 
only on h. 
We require an analogue of Fisher’s inequality for transversal 2-designs. 
Let m be the number of groups, n the number of points in a group, and k 
the block size; suppose any point lies in r blocks, and any two points in 
different groups are in h blocks. The incidence matrix A satisfies 
AAT = rI+ hM, 
where M is a blocked matrix with zero blocks on the diagonal and all-l 
blocks elsewhere. The eigenvalues of M are (m - l)rt, -n and 0. So, unless 
r = n;\, AAT is non-singular, whence there are at least as many blocks as 
points. But r(k - 1) = (m - 1) nA; so Y = nh only if k = m, that is, a 
block contains a point from every group. 
Now the contraction of D is a transversal 4-design with (t - 1)s points, 
block size ,X - 2, and p - 1 blocks, with ,U = t + 1, s > 1. Assume p > 2. 
Since (t - 1)s = p - 1 < t is impossible, we must have p = t + 1. The 
same is true if p = 2, t = 1. But ,U = t + 1 implies that, if x and z are 
nonadjacent, every line through z contains a point adjacent to X. Thus the 
graph has diameter 2 (and the geometry is a generalized quadrangle). 
Theorem 3.2 shows that r = L,(3). 
If TV = 2, t 2 2, the points of O(X) are indexed by 2-subsets of r(x) not 
contained in a line through X. If L1 , L, , L, are three lines through X, y1 E L1 , 
Y2 E J52 9 Y3 9 Y; E J53 9 then the triples (x9 i Y, , y2>, t y1 , ~~1) and (x, bl , y3), 
(ul , yi)) are isometric but not equivalent under any automorphism. 
The case when r(x) is complete multipartite is settled by Lemma 3.4. 
Next, suppose T(X) is a pentagon y1y2y3y4y5 . A point of r(x) is joined to 
two points of O(X); so j d(x)] = 10/p. If Ql) = (x, y2 , y5 , z, z’}, then z 
and z’ are adjacent, and each is adjacent to one of yZ and y5 . Thus p > 2. 
It follows that p = 2, whence 1 d(x)1 = 5 and d(x) is also a pentagon. A 
vertex of d(x) is joined to one further vertex, the same one for each vertex in 
d(x). Thus r is the icosahedron. 
Finally, suppose r(x) is L,(3). A point in r(x) is joined to four points of 
d(x), so j n(x)] = 36/p. For y E r(x), a point of r(y) n d(x) is joined to 
two points of r(y) n r(x), these two being nonadjacent. So, for z E d(x), 
r(x) n r(z) has valency 2, and is a union of circuits of even length. Now, 
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given any 4-gon in r, the number of vertices joined to all its points is con- 
stant. Such a 4-gon is xyzy’, where y and y’ are nonadjacent vertices in 
F(X) n T(Z). SO F(X) n r( z is strongly regular, and thus is a 4-gon. We have ) 
p = 4, 1 d(x)\ = 9. Furthermore, L,(3) contains exactly nine 4-gons, so the 
adjacencies between r(x) and O(X) are determined, as well as as those within 
O(X). As before, there is one further vertex, joined to everything in d(x). 
So I’ is unique, and must be the graph in case (vi) of the Theorem. 
Remarks. 1. The icosahedron and the graph on 20 vertices in Theorem 1 
are obtained from the pentagon and L,(3) respectively by the construction 
of Shult’s graph extension theorem [7]. 
2. With considerably more effort, it is possible to show that a 4- 
transitive graph of diameter 2 is complete multipartite, L,(3), a Smith 
graph with --s = r2(2r + 3), or the complement of one. The only known 
Smith graphs of this form are the pentagon (r = i(51j2 - l)), the Schlafli 
graph (Y = l), and the McLaughlin graph (Y = 2) (see [4]). The McLaughlin 
graph is not 4-transitive, since its subconstituent d(x) is not 3-transitive 
(see [8]). If it is true that there are no further 4-transitive Smith graphs, then 
the only graphs which are 5-transitive but not 6-transitive would be those 
obtained from the Schlafli graph and its complement by Shult’s construction. 
(This remark should be taken as a measure of the difficulty of reducing 6 to 5 
in Theorem 1.) 
5. HYPERGRAPHS 
In this section, we generalise Theorem 3.2 to uniform hypergraphs. 
THEOREM 5.1. Let A be a k-t&form hypergraph (k > 3), and suppose that 
any isomorphism between induced sub-hypergraphs on at most k + 3 vertices 
extends to an automorphism of A. Then one of the following occurs: 
(i) A is complete or null; 
(ii) A or its complement is the set of lines in the projective plane, or of 
planes in afine 3-space, over GF(2) (with k = 3 or 4); 
(iii) k = 3 and A has 6 or 10 vertices (and is unique in each case). 
Proof. For every vertex X, let A, be the (k - 1)-uniform hypergraph on 
X - (x} with edge set (E - (x> 1 E an edge of A, x E E). Then A, satisfies the 
hypotheses of the Theorem. 
If k = 3, then A, is a disjoint union of complete graphs, a complete 
multipartite graph, a pentagon, or L,(3), by Theorem 3.2. The same possi- 
bility holds for each vertex X. It is easily shown that the third and fourth cases 
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give conclusion (iii) of the Theorem. By taking the complement of d if 
necessary, we may assume that d, is a disjoint union of complete graphs. 
Thus xyz, xyu E d * xzu, yzu E d. Given x and y, define the line L,, to be 
the set (x, v} u (z 1 xyz E 01. Then any two points lie on a unique line, any 
line has at least three points, and the edges of d are the collinear triples. 
Assume d is not complete; then there are at least two lines. 
Let L, and L, be concurrent lines, and x, y E L, - I,, , z, u E L, - L, . 
Then (x, y, z, u} carries a null sub-hypergraph. So, if {a, b, c, d> carries a null 
hypergraph, then Lab n Led # 0 ; that is, any two lines intersect, and the 
geometry of points and lines is a projective plane [2, p. 1151. Let n be the 
order of the plane. Suppose n > 2. Then we can find concurrent lines L, , 
L2 , L, and points xi , yi E Li such that ~1~3x3 and ~1~3~3 are collinear triples. 
The sub-hypergraph on (x, , x2 , x3 , y1 , y2 , y3} has 72 automorphisms, 
but at most 36 of these are induced by collineations of the plane. So we have 
12 = 2. 
For k > 3, use induction on k. If d, is complete or null, so is d; it is 
readily verified that, of the other possibilities, only the projective plane 
(or its complement) can be “extended.” 
Note that the hypergraphs in case (iii) are closely related to the graphs 
in cases (v) and (vi) of Theorem 1. The vertices of those graphs can be divided 
into 6 or 10 antipodal pairs. The subgraph on the union of any two antipodal 
pairs consists of two disjoint edges (so that the graphs is a double cover of the 
complete graph), Ivhile that on any three antipodal pairs is either two 
disjoint triangles or a hexagon (the two double covers of K3). The corre- 
sponding hypergraph is the set of triples of one type. 
Note added in proof. Call a graph n-regular if, for any set S of at most n vertices, the 
number of vertices adjacent to every vertex in S depends only on the isomorphism type 
of the induced subgraph on S. The arguments of Section 3 (with the result of P. J. Cameron, 
J.-M. Goethals, and J. J. Seidel (J. AZgebra 55 (1978), 257-280) replacing that of Smith) 
show that the only Wegular graphs are those described in Theorem 3.2. L. Babai has 
informed me that the same result has been obtained by Y. Gol’fand. Moreover, J. M. J. 
Buczak has shown that a 4-regular graph which is not one of these is a Smith graph with 
--s = r2(2r + 3) or the complement of one, and conversely; and that, assuming the 
classification of finite simple groups, the only 4-transitive but not 5transitive graphs of 
diameter 2 are the Schlafli graph and its complement. 
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